A semiclassical path-integral treatment of the spectrum of a charged particle moving in a twodimensional periodic potential in the presence of a transverse magnetic field is presented. Complex instanton solutions to the Euclidean equations of motion are identified, and it is shown that the dilute-instanton-gas sum reproduces features of the spectrum studied by previous authors. Comparison of the path-integral results to a perturbative calculation of the splitting of the lowest Landau level is used to relate the self-similar nature of the spectrum to a type of duality in the parameter a, the number of flux quanta per unit cell. As a byproduct of the instanton calculation the generating functional for a sum over lattice paths of given length and algebraic area modulo a fundamental area determined by the magnetic field is evaluated.
Sec. III we will discuss the path-integral formulation of the problem and the nature of the complex saddle points or instantons. In the limits of zero or infinite magnetic field we give analytic solutions of the instanton equations. In Sec. IV we discuss the dilute-instanton-gas sum. It is here that the rational properties of the magnetic field play a crucial role. We derive an expression for the dilute-instanton-gas sum in terms of a sum over 2D lattice paths weighted by the length of the path and weighted by a phase depending on the area of the path. We show that this can be reduced to a sum over onedimensional lattice paths and then show that this sum reproduces properties of the spectrum known from previous analyses. In the final section we compare the path integral calculation with a perturbative calculation of the splitting of the lowest Landau level in a regime where both are valid and thereby demonstrate the self-similar nature of the spectrum. We then discuss an alternate path-integral calculation, which treats the potential as a perturbation and gives a Euclidean path-integral version of Pippard's orbit lattice approach.
For a particular choice of the potential, a comparison between this description and the original path-integral calculation reveals a duality symmetry between a system with a units of flux per unit cell and one with 1/o. ' units of flux. We relate this duality to the self-similar nature of the spectrurn and to a path-integral version of Wilkinson's renormalization-group flow for the spectrum.
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The Hamiltonian we will be concerned with is given by '2 (e!e """!e')=2~v(e e')e -"""
with 8 defined mod2m. In the limit T~(x) only the energy E of the lowest band will survive.
To write a path-integral expression for the matrix element (3.2) we first use (3.1) to write it as
In the following two sections we will evaluate the Euclidean path-integral in the dilute-gas approximation to find the low-lying energy levels. We will first discuss the interpretation of the path integral and then present the form of the instanton solutions. The following section contains the explicit evaluation of the dilute-instantongas sum.
Recall the derivation of the path integral for the energies of the lowest band in a one-dimensional periodic potential. ' Suppose the potential has minima at x =Na, N integer, and let ! N ) be an approximate eigenstate of the ' ' (j+qN", N le " '"lj'+qN"', N') .
The matrix element appearing in (3.12) can be written as (3.12) If we set j =0 and sum over j' we can then rewrite this as a path-integral summed over paths starting at (0,0) and ending at any minimum n, with the addition of a "topological" term 8 (1/a ) f xdt to the action:
In the limit of large T this path integral should by this analysis give (3.10) summed over j' and with j set equal to zero. %e thus expect q different energy bands labeled by 8 to emerge from the path-integral analysis.
In order to carry out the evaluation of (3.15) we need to determine the form of the instanton solutions and then perform the dilute-instanton-gas sum. Because the instanton solutions are complex, one ought to make sure that for each t it is possible to deform the integrals over x(t) and y(t) into the complex plane so that the contours pass through the classical solution,
x;""(t) and y;""(t} along the direction of steepest descent.
In addition, it should be checked that the Gaussian determinant does not pick up any additional minus signs or phases due to the direction of integration. We will not pursue these questions in this paper.
IV. THE DILUTE-GAS SUM
We are now ready to evaluate the path integral for the propagator in the dilute-gas approximation. This is accomplished by summing over all classical paths in which the particle travels from the bottom of one well to the bottom of another along adjoining instanton paths. We assume that the only significant contribution is due to instantons traveling between adjacent wells. Each of these instantons contributes a factor given by equation (3.34) or (3.35). The dilute-gas sum is then
The sum is over all instanton paths starting at xo=(0, 0) and ending at all possible minima xf =aQ. The main di6'erence between this sum and the usual sum without a magnetic field is that in this case we must keep track not only of the total length of each path, which is proportional to the number of instantons M and N, but also of the total area, +M+,~y, b, x;, enclosed by each path.
In order to evaluate the dilute gas sum, we must first parametrize the paths. This can be done by dividing the "time"
into N +1 intervals labeled from 0 to N. Each interval, except the first one, begins with the particle taking one step in the y direction. We define the set of numbers (n ". . . , n~) with n, = 1 so that an, y denotes the total distance traveled during the ith such step. During the ith interval, the particle takes M; steps in the x direction. To describe each of these M, steps we require the set of numbers (m, ". . . , m, m, M ) with m, , = 1. Then In what follows, we will restrict ourselves to the symmetric potential of Eq. (3.18).
In the limit g~~w e expect the answer obtained using the action in Eq. 
